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We propose and analyse a scheme for single-rail-encoded arbitrary multi-qubit quantum-state generation to
provide a versatile tool for quantum optics and quantum information applications. Our scheme can be realized,
for small numbers of qubits, with current technologies using single photon inputs, passive linear optics, and
heralding measurements. The particular examples of two- and three-qubit cluster states are studied in detail. We
show that such states can be prepared with a high probability of success. Our analysis quantifies the effects of
experimentally relevant imperfections and inefficiencies. The general case of arbitrary N -qubit preparation is
discussed and some interesting connections to the boson sampling problem are given.
I. INTRODUCTION
An active field of research in quantum optics and quantum
information is the development of techniques for producing
arbitrary quantum states of different physical systems. This is
by virtue of the broad range of applications including quan-
tum computation and communication [1, 2], quantum simula-
tion [3], and quantum metrology [4], that each need different
specific quantum states as a resource.
Light is a key quantum system which can be interfaced with
a variety of other individual quantum systems [5–7]. There are
particular states, e.g., W-states [8], GHZ-states [9], and cluster
states [10, 11], which are of great importance for many proto-
cols, and it is anticipated that the exploration of other multi-
mode states will also be promising. Thus, having a single eas-
ily reconfigurable device which prepares arbitrary multimode
quantum states would provide considerable versatility for nu-
merous applications [12, 13]. Towards this goal, a number
of theoretical and experimental studies have been performed
concerning the preparation of arbitrary single-mode [14–16]
as well as arbitrary multimode quantum states [17, 18]. It
is usually the case that universal schemes possess a high de-
gree of complexity due to their extremely large number of de-
grees of freedom, even for a small number of modes, which
makes them impractical without some restrictions. A feasi-
ble approach to this problem can be taken if we restrict the
dimensionality of each output mode to two. In other words,
we restrict ourselves to arbitrary multi-qubit state generation.
Regarding the cost of the scheme, we will be utilising passive
linear transformations; avoiding any active elements, which in
turn means to only use beam splitters and phase shifters, and
we allow measurements on some ancillary systems to intro-
duce the required nonlinearity.
We would also like to encode quantum bits in the absence
or presence of photons, the so-called single-rail encoding [19].
As well as requiring fewer resources, such states are efficient
under temporal multiplexing [20] and suitable for interactions
with matter quantum systems. The key goal is thus a de-
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vice which produces arbitrary single-rail multi-qubit resource
states for a variety of quantum tasks. Importantly, we want
to prepare the target state by heralding via measurements of
the ancillae and without postselection. To the best of authors’
knowledge, our scheme is the first of this kind which provides
all of the properties mentioned above.
In the present contribution, we introduce and analyse a uni-
versal scheme for generation of arbitrary multi-qubit quantum
states in a single-rail encoding using passive linear optics and
heralding measurements. Our scheme makes use of N single-
photon input states. We extract part of their amplitude us-
ing beam splitters and inject it into a unitary network of size
M(N). The other ports of the unitary will receive K ancil-
lary single-photon inputs and M −N −K ancillary vacuum
inputs, while there will be L projections onto single-qubits
and M − L vacuum measurements at the output. We show
our scheme is universal and give particular examples of two-
and three-qubit cluster states as target states, a class of states
known to be very hard to prepare in single-rail encoding. We
show that our scheme delivers a high probability of success,
for low numbers of photons, even compared to non-universal
schemes where there exists a fairly comparable strategy. We
also analyse the effects of loss and imperfections. Our scheme
is experimentally feasible for a small number of photons us-
ing current technology. Moreover, we study the general case
of N -qubit generation and give interesting connections to the
boson sampling problem [21]. The method presented here
is equally applicable to other bosonic systems, e.g. spin en-
sembles [23] and optomechanics [22] by making use of light-
matter beam splitter interactions and photonic ancillae.
II. ARBITRARY TWO-QUBIT STATE PREPARATION
In this section we design a linear-optics scheme to generate
arbitrary two-qubit target states,
|ψtar〉 = c00|00〉+ c01|01〉+ c10|10〉+ c11|11〉, (1)
with {cij} (i, j = 0, 1) being complex numbers. Such a state
can be for example shared between two distant parties, Alice
and Bob.
A major problem in any such a device then would be the
suppression of the two-photon terms |02〉 and |20〉 due to
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2Hong-Ou-Mandel effect. It has been shown that without re-
lying on measurements one cannot avoid these bunching ef-
fects [24]. A simple way to circumvent this issue is by pre-
venting the photons from exchanging between two principal
modes from input to output, rather than using Fock basis trun-
cations [25]; see Fig. 1. We will show that this technique
despite its simplicity is very effective.
Accordingly, we split the circuit into two stages: (i) an en-
tangling projector – this could be carried out by a third party,
say Charlie, as a central station who sends signals to Alice
and Bob on the successful events, and (ii) a quantum pick-off;
this could be done locally with the help of Alice and Bob (c.f.
Fig. 1). In the following we give a detailed description of both
stages.
FIG. 1. Scheme for two-qubit state generation. Alice and Bob split
their single-photons and send it to Charlie. He makes an entangling
measurement and remotely prepares arbitrary joint states for Alice
and Bob. The blue dashed boxes refer to the optional feed-forward
correction of the outputs depending on the single-qubit measure-
ments outcomes.
A. Entangling measurement
Firstly, let us discuss what we mean by entangling measure-
ment in our scheme. We note that to be able to produce the
state in (1), there is a need for independent control of four co-
efficients {cij} (i, j = 0, 1). For the moment, we do not take
into account the reduction of degrees of freedom by normal-
ization constraint, because it should be possible to equate any
of the coefficients with zero. This demands Charlie to realize
projectors of the form
〈ϕ| = 〈00|d00 + 〈01|d01 + 〈10|d10 + 〈11|d11
+ 〈02|d02 + 〈20|d20, (2)
such that the first four complex coefficients, {dij} (i, j =
0, 1), are arbitrarily controllable. Notice that the need for two-
photon components arises from the use of linear optics as pre-
viously commented. As we will show, a Uˆ(3) unitary opera-
tion with an ancillary vacuum measurement and two arbitrary
single-qubit projectors is the smallest unitary circuit having
the capability to produce 〈ϕ|. Using a retrodictive approach,
we now calculate the projector in Fig. 1 just before the unitary.
This is given by
123〈ϕ| = 123〈q1q20|Uˆ(3)
= 123〈000|(α1I1 + β1a1)⊗(α2I2 + β2a2)Uˆ(3), (3)
in which i〈qi| = i〈0|(αiIi + βiai) (i = 1, 2) with
|α1,2|2 + |β1,2|2 = 1. Using the definition Uˆ†(3)aiUˆ(3) =∑3
j=1 uijaj (i = 1, 2, 3), we now switch to the Heisenberg
picture via the isomorphic matrix representation,
U(3) =
 S(2) u13u23
u31 u32 u33
 (4)
in which
S(2) =
[
u11 u12
u21 u22
]
. (5)
We call the submatrix S(2) the active submatrix. Rearrang-
ing the resulting components in (3) and projecting onto the
ancillary vacuum input, |0〉3, gives
12〈ϕ| = 12〈00|d00 + 12〈01|d01 + 12〈10|d10 + 12〈11|d11
+ 12〈02|d02 + 12〈20|d20, (6)
in which
d00 = α1α2, (7)
d01 = α1β2P2;2 + α2β1P1;2,
d10 = α1β2P2;1 + α2β1P1;1,
d11 = β2β1P12;12,
(8)
d02 = β2β1P1;2P2;2,
d20 = β2β1P1;1P2;1. (9)
Here1, Pij···p;kl···q represents the permanent of the active
submatrix, which are obtained from elements on the inter-
section of rows i, j, . . . , p and columns k, l, . . . , q. Note
that, permanents have cyclic symmetry, that is Pij···p;kl···q =
Pσ(i)σ(j)···σ(p);σ(k)σ(l)···σ(q) for any permutation σ of the in-
dex set, and Pi;j = uij trivially.
1 These equations result from following photons paths, e.g. in the first re-
lation in Eq. (8), there are two contributions to d01, that is the case when
a single photon is input into port two and no photons into port one: (i)
either a photon is detected at the output mode two with probability ampli-
tude of β2 coming from mode two with a transition probability amplitude
ofP2;2, (ii) or a photon is detected at the output mode one with probability
amplitude of β1 coming from mode two with a transition probability am-
plitude of P1;2. Also α1,2 represent the probability amplitudes of getting
no photons in the other port.
3B. Pick-off
At the second stage, we need to chop off the extra dimen-
sions of our entangling measurement. For this, Alice and
Bob split their single-photons using two variable beamsplit-
ters, characterized by transmissivity-reflectivity ratios t1 : r1
and t2 : r2 (c.f. Fig 1). That is, |01〉1A ⊗ |01〉2B → |b1〉1A ⊗
|b2〉2B = (t1|01〉1A + r1|10〉1A) ⊗ (t2|01〉2B + r2|10〉2B)
upon beamsplitter transformation Bˆ(a†1, a
†
A)Bˆ
† = (t1a
†
1 −
r1a
†
A, r1a
†
1 + t1a
†
A). Now, Charlie applies his entangling pro-
jector on two branches he receives from Alice and Bob, and
thus the un-normalized output is2
|ψ11out〉 = 12〈ϕ|(|b1〉1A ⊗ |b2〉2B)
= r1r2d11|00〉AB + r1t2d10|01〉AB
+ t1r2d01|10〉AB + t1t2d00|11〉AB, (10)
in which |t1,2|2 + |r1,2|2 = 1 and {dij} (i, j = 0, 1) are given
by Eqs. (7) and (8). For future reference, we have used the su-
perscript 11 to indicate that the input was |11〉AB. The prob-
ability of success for getting the desired target state is then
given by the trace of output state, Prtar = Tr|ψ11out〉〈ψ11out|.
By comparing Eq. (10) with Eq. (1), we can write down a set
of nonlinear equations to be solved for all parameters, such
that the probability of success is optimized:
r1r2β1β2P12;12
p
− c00 = 0,
r2t1(α1β2P2;2 + α2β1P1;2)
p
− c10 = 0
r1t2(α1β2P2;1 + α2β1P1;1)
p
− c01 = 0
t1t2α1α2
p
− c11 = 0
Prtar = |p|2 = |r1r2d11|2 + |r1t2d10|2
+ |t1r2d01|2 + |t1t2d00|2.
(11)
There are also constraints to be satisfied by the U(3) entries:
(i) each row must be normalized, and (ii) each row must be or-
thogonal to all other rows. Let us show that a U(3) matrix is
the smallest unitary matrix for which the set (11) possesses a
solution under the aforementioned constraints. First, we note
that c11 is uniquely determined by d00 through α1 and α2, in-
dependent of the unitary. Therefore, we need to control three
amplitudes and only three phases using the unitary. Second,
notice that the matrixU(3) in Eq. (4) has six free parameters,
three amplitudes and three phases. Also, one should note that
one of the phases is global which could determine the relative
phase between |11〉 and the other components. However, this
2 This equation can also be readily interpreted. For instance, the first term
can be thought of as the product of probability amplitudes of: (i) both input
photons are reflected from input beamsplitters, and thus directed toward en-
tangling device, and (ii) triggering the measurement device upon receiving
two single photons.
can be also absorbed into the phase of α1,2. As a result, only
two phases are sufficient. Nevertheless, due to the fact that
three free amplitudes are required, the smallest matrix would
be that of a U(3). In Appendix A, we have shown that the
set of equations (11) indeed possesses a solution when there
are three complex variables available. In the next sections we
will first describe how it is possible to perform single-qubit
projections, and then we demonstrate our solution strategy to
these equations through an example.
C. Single-qubit projectors
In the scheme already discussed, two arbitrary single-qubit
projectors at the output of the unitary network play crucial
roles. For instance, their coefficient directly determine the co-
efficient of |11〉 component; see e.g. Eqs. (7) and (10). Here
we describe how these measurements can be realized and dis-
cuss the associated heralding probabilities.
First, let us propose a simple way of implementing our arbi-
trary single-qubit projector. In this proposal, a coherent state
|α〉4 hits a beamsplitter of trasmissivity-reflectivity t : r; see
Fig. 2. For simplicity, we are assuming both trasmissivity and
FIG. 2. The scheme for probabilistic projection onto a single-qubit
basis using a beam splitter, a coherent state input, and two single-
photon counters.
reflectivity take on real values. The output is then measured by
two single-photon counters. The beamsplitter transformation
is assumed to be Bˆ(a†1, a
†
4)Bˆ
† = (ta†1 − ra†4, ra†1 + ta†4) with
t2 + r2 = 1, thus, the resulting projector can be calculated as
1〈q| = 14〈10|Bˆ|α〉4 = e−
|α|2
2 (1〈0|rα+ 1〈1|t). (12)
Choosing α = 1 can generate any single-qubit measurement
with probability of e−1, while the phases can be implemented
via some phase shifts on beamsplitter.
The e−1 overhead from this scheme is entirely due to the
exponential prefactor which originates from the use of a co-
herent state input. This overhead could be eliminated if the
state were confined to the lowest two Fock basis states. There-
fore, inspired by the work of Ralph et al [26] which proposes
the use of real-time adaptive detection of phase from [27] to
deterministically prepare superposition states of zero and one
photon, we propose the following. Assuming that one can de-
terministically prepare arbitrary single-qubit states via adap-
tive phase measurement, the coherent state |α〉4 is replaced
4by a single-qubit state β|0〉4 + α|1〉4 and the beamsplitter is
being fixed to be balanced. At the output, there are three possi-
ble events containing different combinations of zero and one
clicks: (1, 0), (0, 1), and F (the failure event). Considering
the (1, 0) event, using a retrodictive approach, we find
1〈q| = 14〈10|Bˆ(β|0〉4 + α|1〉4) = 1√
2
(1〈0|α+ 1〈1|β),
(13)
This is half of the desired event, in the sense that if we inject
the correct state |q〉1 into the device, only half of the times it
will pop-up the occurrence of the event. There are, however,
two other possible events: F , the total failure event, and (0, 1).
The latter is of particular interest as we will see shortly. If we
get the event (0, 1) instead of (1, 0), we have
1〈q˜| = 14〈01|Bˆ(β|0〉4 + α|1〉4) = 1√
2
(1〈0|α− 1〈1|β).
(14)
In the following, we show that one could correct the output
state simply by feed-forwarding two extra classical bits to the
principal output modes. Notably, in general, the two positive
operator-valued-measure (POVM) elements Π(1) = |q〉1〈q|
and Π(2) = |q˜〉1〈q˜| are not orthogonal. The failure event is
also given as F ↔ Π(0) = I−Π(1) −Π(2).
Note that the event space of the clicks for our two-qubit
scheme is nine fold: {Π(i,j) ≡ Π(i) ⊗ Π(j)} (i, j = 0, 1, 2),
and only one of them is the desired click, namely Π(1,1), cor-
responding to two (0, 1) events of the form (13) and resulting
the projection 12〈ϕ|/2 of Eq. (6). Importantly, the factor of
1/2 causes the overall probability of success to reduce by a
factor of 4 with respect to the ideal case.
Now, suppose that we get the invert event Π(2,2). In view
of Eq. (14), this will result in two phase shifts of pi in β1,2 and
thus, according to Eqs. (7), (8), and (10), nothing is changed
except the two coefficients d01 and d10 which pick up an extra
phase of pi. Evidently, the invert output occurs with exactly
the same probability of success as the desired one. Moreover,
we may correct the invert output by feed-forwarding the out-
come to apply two local phase shifts to the principal modes;
c.f. Eq. (10). Such phase shifts will change the sign of the co-
efficients of |01〉 and |10〉 terms leaving the |11〉 component
intact.
We may ask how much does the correction improve the
overall probability of success? To answer, we note the prob-
ability of success of invert event to be the same as desired
event. This implies that taking into account the possibility
of feed-forward correction doubles the overall probability of
success, and decreases its reduction due to nondeterministic
measurements to a factor of 2 with respect to the ideal case.
D. Example: A cluster state
Let us consider the example of preparing the state,
|ψcl〉 = e
iχ
2
(|00〉+ |01〉+ |10〉+ eiφ|11〉), (15)
which gives the usual two-qubit cluster state when φ = pi. We
consider the output state (10) and without loss of generality
assume α1,2 → α1,2eiθ 3 with α1,2 ∈ R and that β1,2 =√
1− α21,2 ∈ R. We also take t1 and t2 to be real. Similar to
Eq. (11), these lead to the following set of nonlinear equations
θ = φ− ζ,(√
1− α22
α2
P2;2 +
√
1− α21
α1
P1;2
) √
1− t22
t2
eiζ = 1,(√
1− α22
α2
P2;1 +
√
1− α21
α1
P1;1
) √
1− t21
t1
eiζ = 1,√
(1− α21)(1− α22)(1− t21)(1− t22)
α1α2t1t2
P12;12ei(2ζ−φ) = 1,
(16)
in which ζ ≡ θ − χ, and it is constrained to
|P1;1|2 + |P1;2|2 + |P1;3|2 = 1,
|P2;1|2 + |P2;2|2 + |P2;3|2 = 1,
P1;1P∗2;1 + P1;2P∗2;2 + P1;3P∗2;3 = 0.
(17)
The success probability for this state is given by the norm of
the output state,
Prcl = 4|α1α2t1t2|2. (18)
This set of equations is a regular chain the solution of which
can be obtained by solving the first equation for one variable,
substituting the result into the second one, and then continuing
until all the variables are expressed in terms of five variables,
say P1;2, α1,2 and t1,2. The step-by-step algorithm for nu-
merical optimization is given in Appendix C. The last step is
to run an optimization for the probability of success (18) over
parameter ranges. We have depicted the probability of suc-
cess of the scheme for a range of relative phase 0 ≤ φ ≤ pi
in Fig. 3. In particular, the success probability at φ = pi is
Prcl ≈ 0.088. Once we have found the optimal solution for
a particular phase φ, we can use the well-known decomposi-
tion by Reck et al [28] to evaluate the parameters of the linear
optical network realizing Uˆ(3). For the special case of χ = 0
and φ = pi, the resulting unitary matrix has been given in
Appendix D.
We can compare the method used here against other
schemes for achieving this particular output state. Knill [29]
was motivated to find optimised probabilities for Controlled-Z
rotations between optical qubits using linear interactions and
post-selection in the Fock basis. Knill’s constructions were
single-rail as for the case of the Controlled-Z rotations the
single-rail operations are directly embedded in the dual-rail
operations. The result of Knill also did not have the multi-
party preparation model that is used in this paper and hence
3 Any phase difference between α1,2 can be absorbed into the unitary ele-
ments, as they can be represented by some phase shifters in front of the
unitary circuit.
5considered arbitrary linear ineractions between all modes.
Knill found that when φ = pi and with two ancillary modes
containing single photons the highest probability of success
was 2/27 ≈ 0.074. Later extensive numerical searches con-
firmed this maximal probability over a wider range of net-
works with more ancillary modes [30]. The ability to exceed
this value for the device presented here can be attributed to the
lack of need to construct a gate which operates over an entire
Hilbert space. The protocol here is merely the generating of
the state and hence leaves open the possibility for probabilities
exceeding that from implementations which utilise gates.
FIG. 3. Plot of optimal success probability versus relative phase, φ,
of the generalized two-qubit cluster state given in Eq. (15) for χ = 0.
E. Two-qubit passive state transformation
It is of interest to ask “how the scheme of Fig. 1 may trans-
form a given two-qubit input state?” In the first place, our
scheme is passive in the sense that there is no possibility for
photon addition to any of the modes. Secondly, one can-
not switch photons between the two modes (bit flip) and this
is exactly how we prevented the photon bunching effect in
the output modes, i.e., the |02〉 and |20〉 components. It is
straight forward to calculate the output state similar to that
of Eq. (10) starting with an arbitrary two-qubit state state
|ψin〉 = a00|00〉 + a01|01〉 + a10|10〉 + a11|11〉. It turns out
that the coefficients of the output are just linear combinations
of dij’s of Eqs. (7), (8) and (9). A regular chain remains as a
regular chain under linear combination of equations, and thus
the resultant set always possesses a solution. This means that
our scheme is also a universal quantum state modifier for a
known two-qubit inputs in a passive way. Of course, starting
with an input state within a subspace of H1 ⊗ H2 with only
one or no photons means an overhead in the free parameters of
the scheme. However, such redundancy will be automatically
resolved via optimization of success probability.
F. Effect of inefficiencies and losses
Inefficiencies and losses are present in any experiment.
Here, we analyse such deleterious effects, which are four
fold: (i) imperfect single photon sources, (ii) the transmission
losses through channels, (iii) losses through the unitary cir-
cuit, and (iv) inefficient measurements. These imperfections
directly affect the fidelity of the output state. Therefore, to
simplify the analysis, we make the following assumptions:
(i) All the measurement devices are the same, and thus they
have equal losses,
(ii) We model all the losses within the unitary network via
symmetric losses on all input modes.
(iii) All the photon sources are the same having equal puri-
ties, and,
(iv) The losses within the principal output modes are equal
to that of entangling measurement circuit.
It is known that when the losses within all output ports of
a linear network are equal, one can commute the loss with
the network. In this way, using the assumptions above, we
may express all the imperfections just in terms of imperfect
photon sources, and considering all the other elements to be
ideal. To justify the last assumption, we may think of a lossy
measurement process on the output state such that it exactly
equates the loss of entangling measurement circuit. We can
therefore model all the losses using impure input states, i.e.,
%ˆI = (µ|1〉〈1|+ (1− µ)|0〉〈0|)⊗2, (19)
in which µ is assumed to be the overall efficiency of the
scheme. Now, the un-normalized output, %ˆAB(µ), is clearly
a mixture of four input combinations, |00〉12, |10〉12, |01〉12,
and |11〉12. We have already calculated the output resulting
from the last input, |ψ11out〉. The other three will give
|ψ00out〉 = d00|00〉AB =
c11
√
Prtar
t1t2
|00〉AB,
|ψ10out〉 = t1d00|10〉AB + r1d10|00〉AB
=
√
Prtar
t2
(
c11|10〉AB + c01|00〉AB
)
,
|ψ01out〉 = t2d00|01〉AB + r2d01|00〉AB
=
√
Prtar
t1
(
c11|01〉AB + c10|00〉AB
)
, (20)
in which Prtar is the probability of success for getting the de-
sired target state when the input states are pure single photons.
Using the expressions in Eq. (20) it is straight forward to eval-
uate the success probability as
Prtar(µ, |ψtar〉) = Tr%ˆO(µ)
= Prtar
[
µ2 + (1− µ)2A+ µ(1− µ)B
]
,
(21)
6in which
A =
|c11|2
t21t
2
2
, B =
|c11|2 + |c01|2
t22
+
|c11|2 + |c10|2
t21
. (22)
This result demonstrates the fact that, having imperfections,
the heralding probability strongly depends on the target state
as well as losses. In a similar way, one can calculate the fi-
delity of the output state as
F(µ, |ψtar〉) = 〈ψtar|%ˆAB(µ)|ψtar〉
Prtar(µ)
=
µ2 + (1− µ)2C + µ(1− µ)D
µ2 + (1− µ)2A+ µ(1− µ)B , (23)
in which
C = |c00c11|2,
D = |c∗11c10 + c∗01c00|2 + |c∗11c01 + c∗10c00|2. (24)
Expanding the fidelity around one, we find the rate at which it
decays as
d
dµ
F(µ, |ψtar〉)
∣∣∣
µ=1
= B −D, (25)
or, equivalently, for nearly perfect efficiency (µ→ 1)
F(µ, |ψtar〉) ≈ 1− (B −D)(1− µ). (26)
For the example of a cluster state D = 0 and thus, this rate is
given by
d
dµ
F(µ, |ψcl〉)
∣∣∣
µ=1
=
1
t21
+
1
t22
. (27)
III. ARBITRARY THREE-QUBIT STATE PREPARATION
A similar strategy as the previous section can be taken to
generate arbitrary three-qubit states. We take three single-
photon input states, split them and make an entangling mea-
surement. The scheme thus would consist of a U(6) matrix
instead ofU(3) as described in Appendix B, injection of three
single photons and three ancillary vacua into the circuit, three
arbitrary single-qubit and three vacuum measurements (c.f.
Fig. 4).
After repeating the process, we find the projector
123〈ϕ| = 123〈000|d000 + 123〈100|d100 + 123〈010|d010
+ 123〈001|d001 + 123〈110|d110 + 123〈101|d101
+ 123〈011|d011 + 123〈111|d111
+ terms containing two or three photons
in either of modes, (28)
FIG. 4. The scheme for universal three-qubit state generation. This
time, Charlie uses aU(6) to perform the entangling measurement.
in which
d000 = α1α2α3
d100 = α2α3β1P1;1 + α1α3β2P2;1 + α1α2β3P3;1
d010 = α2α3β1P1;2 + α1α3β2P2;2 + α1α2β3P3;2
d001 = α2α3β1P1;3 + α1α3β2P2;3 + α1α2β3P3;3
d110 = α1β2β3P23;12 + α2β1β3P13;12 + α3β1β2P12;12
d101 = α1β2β3P23;13 + α2β1β3P13;13 + α3β1β2P12;13
d011 = α1β2β3P23;23 + α2β1β3P13;23 + α3β1β2P12;23
d111 = β1β2β3P123;123. (29)
As an example, we have determined the optimal probability
of success for generation of a generalized Greenberger-Horne-
Zeilinger (GHZ) state,
|ψGHZ〉 = 1√
2
(|000〉+ eiφ|111〉), (30)
to be PrGHZ ≈ 0.0024. Clearly, the probability of preparing
such a state is independent of the phase value φ, since it can
be obtained by a local φ-phase shift of one of the bits at the
output.
In parallel with discussions of Sec. II C, we may represent
events as {Π(i,j,k) ≡ Π(i) ⊗ Π(j) ⊗ Π(k)} (i, j, k = 0, 1, 2).
For this scheme as well, all the arguments of Sec. II C hold
such that we may improve the heralding probability by a factor
of 2, if we take into account not only the event Π(1,1,1), but
also the invert event Π(2,2,2). From Eqs. (28) and (29), it is
evident that we may correct the output just by feed-forwarding
three extra classical bits and operating locally on the principal
output modes by phase shifters of angle pi.
A second important thing to note is that, as we can see, all
the permanents of the active submatrix of U(6) appear in the
expressions for the coefficients of the projector. In the next
section, we will show that this is generally true for arbitrary
large number of qubits. We also discuss the implication of
this pattern about the scalability of our scheme, and we will
see that this puts strong limitations on any measurement based
scheme.
7The non-deterministic remote state preparation of a single-
rail GHZ state using linear optics and post-selection does not
appear to have been proposed before. Though the genera-
tion probability here is low, to the best of authors’ knowledge,
there is no other schemes with which to fairly compare it to.
IV. MULTI-QUBIT SCALING
As we promised, in this section we show that our method
can be generalized to prepare arbitrary N -qubit states. Thus,
from an architectural point of view, everything seem to be
fine for having such a machine. In Appedix B, we have dis-
cussed the size of the unitary matrix and the active submatrix
to be considered. In general, M scales as O(2N ), the same
as the size of the active submatrix. Let us point out that the
active submatrix need not be square in general. In fact, one
can choose the size depending on the required number of free
parameters by choosing any ancillary input port to be injected
by a vacuum or a single photon state and any output port to
be measured in a vacuum or a single-qubit basis. As a rule of
thumb, the input-port number and the output-port number la-
bel the row and column index respectively. For instance, if the
output-port one is the only one being projected onto a single
qubit, and input ports one and two are open to Alice and Bob
whilst the rest are injected by vacuum state, then the active
submatrix is
S(2× 1) =
[
u11
u21
]
. (31)
If, in addition, Charlie decides to inject a single photon into
the port three, then the resulting active submatrix will be
S(3× 1) =
u11u21
u31
 . (32)
In the general scenario, we inject N single-photons into
N principal modes, extracting a bit of each photon and pro-
cessing them through a unitary of size M(N). The ports
1, 2, . . . , N of U(M) are dedicated to principal inputs, the
ports N + 1, . . . , N + K are injected with ancillary single
photons and the remaining M −N −K with ancillary vacua.
At the output, single-qubit and vacuum measurements are per-
formed on the ports 1, 2, . . . , L and L + 1, . . . ,M , respec-
tively. Note that it is required to have L > N +K, otherwise
there would be no |1〉⊗N component in the output. The pro-
jector 1···N 〈ϕ| in this case will have coefficients of the form
d01···0N =
∑
σ
βσ(1) · · ·βσ(K)ασ(K+1) · · ·ασ(L)Pσ(1)···σ(K);(N+1)···(N+K),
d1102···0N =
∑
σ
βσ(1) · · ·βσ(K)βσ(K+1)ασ(K+2) · · ·ασ(L)Pσ(1)···σ(K)σ(K+1);1(N+1)···(N+K),
d0112···0N =
∑
σ
βσ(1) · · ·βσ(K)βσ(K+1)ασ(K+2) · · ·ασ(L)Pσ(1)···σ(K)σ(K+1);2(N+1)···(N+K),
...
d1112···0N =
∑
σ
βσ(1) · · ·βσ(K)βσ(K+1)βσ(K+2)ασ(K+3) · · ·ασ(L)Pσ(1)···σ(K)σ(K+1)σ(K+2);12(N+1)···(N+K),
...
d1112···1N =
∑
σ
βσ(1) · · ·βσ(N+K)ασ(N+K+1) · · ·ασ(L)Pσ(1)···σ(N+K);1···(N+K), (33)
where the sums run over all the permutations σ of L index
numbers. Evidently, the size of the active submatrix is L ×
(N +K).
According to Eq (33), to determine the elements of the ac-
tive submatrix S andU(M) one should solve a set of polyno-
mial equations of degree at most N + K over complex num-
bers and optimize the probability of success. The question
is whether or not we can determine if the set of equations ob-
tained by comparing Eq. (33) with the coefficients of any arbi-
trary target state possesses a solution and if so, can we find it?
This question can be answered for complex variables using the
well-known Gro¨bner basis and elimination techniques [31].
However, as noted in [17], there is generally no efficient algo-
rithm to calculate solutions to such sets of equation. Further-
more, we can note from Eq. (33) that merely writing down the
problem to be solved is inefficient as in principle there may
be exponentially many d coefficients. If we posed a prob-
lem restricted to polynomially many d’s, then the sum over
the entire symmetric group will be exponentially large. Fi-
nally, even if there were only polynomially many non-zero α’s
and β’s we are still left with evaluating matrix permanents, a
problem known to be classically hard to compute, over poly-
8nomials of the unknown elements of the active submatrix S.
As a consequence, we are encountering a verification prob-
lem. Therefore, the solution to the posed problem, although
it might exist, cannot be efficiently found. However, it is in-
teresting to note that, in the case where there is polynomially
many d coefficients and a polynomial error bound, a universal
quantum computer would very likely be able to implement the
projector 1···N 〈ϕ| on qubits efficiently.
The other important question is how does the success prob-
ability scale? Unfortunately there is no unique answer to this
question, because the success probability strongly depends on
the target state. For example, preparing N -mode separable
single-photon or vacuum state is trivially possible with suc-
cess probability of 1 irrespective of the number of modes or
measurements. Similarly, assuming that we could perform de-
terministic single-qubit measurements at the output ofU(M),
by making use of a feed-forward strategy and correcting the
phase at the output, the probability of success for preparing
any N -mode separable state would be equal to one. Includ-
ing the success probability of the single-qubit measurements,
however, causes the scale of the scheme to be O(1/pN ),
where p is the success probability of one single-qubit mea-
surement, even for generating separable states.
V. OUTLOOK AND CONCLUSION
In conclusion, we have proposed a technique for the gen-
eration of arbitrary multi-qubit quantum states using linear
optics and heralding measurements in a single-rail encoding
scenario. Our approach avoids any multi-photon terms at the
output. We explicitly showed that our scheme leads to the set
of equations, involving permanents of a submatrix of the lin-
ear optical network, which is solvable for a small number of
qubits. In particular, we solved the problem for generalized
cluster states of two- and three-qubits as target states and ob-
tained a heralding probability for our universal scheme which
is comparable to the state-of-the-art proposals for specific
states alone. We also considered the scalability of our scheme
and discussed the efficiency of finding a solution to the gen-
eral set of equations from various perspectives. It turned out
that a universal quantum computer is the only hope for solv-
ing the general problem. Our proposal thus can be reliably
used for sharing universal multi-qubit quantum states between
a few number of parties. Moreover, it can be applied equally
to other quantum optical systems such as opto-mechanics and
spin ensembles.
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Appendix A: Existence of a solution to Eq. (11)
To prove that we have enough control to produce arbitrary
two-qubit states, we need to prove that the set of Eq. (11)
forms a regular chain. We have
f1 :
r1r2β1β2(u11u22 + u12u21)
p
− c00 = 0,
f2 :
r1t2(α1β2u21 + α2β1u11)
p
− c01 = 0,
f3 :
r2t1(α1β2u22 + α2β1u12)
p
− c10 = 0.
(A1)
They involve three independent variables from the set
{u11, u12, u22, u21}. Suppose that we choose u11, u21, and
u22 as free. Now, it is important to note that f2 and f3 are
independent equations. Considering f1 and f2, they have the
variables u11 and u21 in common. They have a common so-
lution over the field of complex numbers if and only if they
possess a vanishing resultant [31]. One common procedure to
find the solution is to first evaluate the resultant with respect
to one variable,
Res1,1(f1, f2;u11) = |Syl(f1, f2;u11)|
=
∣∣∣∣S00u22 S00u12u21 − c00S10 S11u21 − c01
∣∣∣∣
= 0,
(A2)
where Syl(Q,P, x) is the Sylvester matrix of the polynomials
Q and P with respect to the variable x, S00 = r1r2β1β2/p,
S10 = r1t2α2β1/p, and S11 = r1t2α1β2/p. This gives the
unique solution for u21 and putting it back into f2 gives the
solution for u11. A simple calculation then leads to
u21 =
S00c01u22 − S10c00
S00(S11u22 − S10u12) ,
u11 =
c01
S10
−
(
S11
S10
)(
S00c01u22 − S10c00
S00(S11u22 − S10u12)
)
.
(A3)
Now, we have both solutions in terms of the remaining free
variable, u22. Note that u12 is determined from conditions on
U(3). Therefore, f3 also uniquely determines u22. This anal-
ysis completes the proof thatU(3) is the smallest unitary with
enough degrees of freedom for arbitrary entangling measure-
ments in our scheme.
Notably to say, there is also a second method to prove
that the set (A1) has a solution, and that is to show that the
Macaulay’s resultant of the set is zero (see Ref. [32] for a de-
tailed account of the method).
Appendix B: Size of the optimal unitary
Let us consider the general case of N qubits. An arbitrary
state has 2N − 1 free complex coefficients. Therefore, we
need a unitary of the size M such that it has enough free mag-
nitude and phase degrees of freedom. Any M ×M unitary
9has M(M + 1)/2 free parameters, M(M −1)/2 of which are
magnitudes and M of them phases. One should also notice
that one of the phases is global which makes the difference
betweenU(M) and SU(M) (theM ×M special unitary ma-
trices). Therefore, M must satisfy
M(M − 1)
2
> 2N − 1 and M > 2N − 1. (B1)
We note that the second condition has the a slower growth in
M , and thus determines M as
M = 2N − 1 for N > 2. (B2)
For N = 1 there is no need for a unitary at all, since there is
enough degrees of freedom in measurement and pick-off.
Besides this general consideration, M could be chosen to
be smaller or larger based on the particular value of N . This
is because for M to have enough free parameters is neces-
sary, but the more important is to chose the active submatrix
of the right dimensions to involve enough free parameters in
the equations. For example, in the case of N = 3 of Sec. III,
the coefficient c111 ∝ d000 is uniquely determined via the
measurements; cf. Eq. (29). Thus, the global phase of the
unitary can effectively cause a relative phase between |111〉
term and the rest. As a result, instead of a U(7), a U(6) de-
livers enough free parameters when a 3 × 3 active submatrix
is chosen.
Appendix C: Step-by-step algorithm for solving Eqs. (16)
and (17)
To solve Eqs. (16) and (17) numerically, we follow the pro-
cedure:
(1) Solve the first equation in (16) for P2;2 in terms of P1;2.
(2) Solve the second equation in (16) forP2;1 in terms ofP1;1.
(3) Substitute the results into the third equation and solve it
for P1;1 to obtain it as a function of P1;2.
(4) Substitute the result back into the second equation to
transform P2;1 in terms of P1;2. At this stage, we have
all the parameters as functions of variablesP1;2, α1,2, t1,2,
and ζ.
(5) Notice that P1;3 is directly given in terms of P1;2 from the
first constraint in (17), since P1;1 is obtained in step (3).
(6) Now, we are left with two unknowns, P1;2 and P2;3. They
can be obtained from the second and third constraints
in (17). However, we prefer to calculate P2;3 from the
last one in terms of P1;2.
(7) As the last step, we run an optimization of the success
probability, Eq. (18), over variables P1;2, α1,2, t1,2, and ζ
constrained to the second condition in Eq. (17).
Appendix D: Unitary elements for a cluster state
Here we give our numerical result for theU(3) leading the
highest probability of success for generating a two-qubit clus-
ter state (see Eq. (15)) of χ = 0 and φ = pi.
Ucl(3) =
 −0.493− 0.312i −0.493− 0.312i 0.5650.338 + 0.214i 0.338 + 0.214i 0.825
0.593 − 0.384i −0.593 + 0.384i 0
 . (D1)
The corresponding optimal values for other parameters are
α1 = 0.452,
α2 = 0.791,
t1 = t2 = 0.645,
ζ = 2.577.
(D2)
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